ABSTRACT. The minimum distance of all binary linear codes with dimension at most eight is known. The smallest open case for dimension nine is length n = 46 with known bounds 19 ≤ d ≤ 20. Here we present a [46, 9, 20] 2 code and show its uniqueness. Interestingly enough, this unique optimal code is asymmetric, i.e., it has a trivial automorphism group. Additionally, we show the non-existence of [47, 10, 20] 2 and [85, 9, 40] 2 codes.
INTRODUCTION
An [n, k, d] q -code is a q-ary linear code with length n, dimension k, and minimum Hamming distance d. Here we will only consider binary codes, so that we also speak of [n, k, d]-codes. Let n(k, d) be the smallest integer n for which an [n, k, d]-code exists. Due to Griesmer [7] we have
where x denotes the smallest integer ≥ x. As shown by Baumert and McEliece [1] for every fixed dimension k there exists an integer D(k) such that n(k, d) = g(k, d) for all d ≥ D(k), i.e., the determination of n(k, d) is a finite problem for every fixed dimension k. For k ≤ 7, the function n(k, d) has been completely determined by Baumert and McEliece [1] and van Tilborg [11] . After a lot of work of different authors, the determination of n(8, d) has been completed by Bouyukliev, Jaffe, and Vavrek [4] . For results on n(9, d) we refer e.g. to [5] and the references therein. The smallest open case for dimension nine is length n = 46 with known bounds 19 ≤ d ≤ 20. Here we present a [46, 9, 20] 2 code and show its uniqueness. Interestingly enough, this unique optimal code is asymmetric, i.e., it has a trivial automorphism group. Speaking of a ∆-divisible code for codes whose weights of codewords all are divisible by ∆, we can state that the optimal code is 4-divisible. 4-divisible codes are also called doubly-even and 2-divisible codes are called even. Additionally, we show the non-existence of [47, 10, 20] 2 and [85, 9, 40] 2 codes. Our main tools -described in the next section -are the standard residual code argument (Proposition 2.2), the MacWilliams identities (Proposition 2.3), a result based on the weight distribution of Reed-Muller codes (Proposition 2.4), and the software package Q-Extension [2] to enumerate linear codes with a list of allowed weights. For an easy access to the known non-existence results for linear codes we have used the online database [6] .
BASIC TOOLS
Definition 2.1. Let C be an [n, k, d]-code and c ∈ C be a codeword of weight w. The restriction to the support of c is called the residual code Res(C; c) of C with respect to c. If only the weight w is of importance, we will denote it by Res(C; w).
Some authors call the result for the special case w = d the one-step Griesmer bound. Proposition 2.3. ( [8] , MacWilliams Identities) Let C be an [n, k, d]-code and C ⊥ be the dual code of C. Let A i (C) and B i (C) be the number of codewords of weight i in C and C ⊥ , respectively. With this, we have
where
are the binary Krawtchouk polynomials. We will simplify the notation to A i and B i whenever C is clear from the context.
Whenever we speak of the first l MacWilliams identities, we mean Equation (2) for 0 ≤ i ≤ l − 1. Adding the non-negativity constraints A i , B i ≥ 0 we obtain a linear program where we can maximize or minimize certain quantities, which is called the linear programming method for linear codes. Adding additional equations or inequalities strengthens the formulation. 
Then the integer
satisfies the following conditions.
(1) T is divisible by
A special and well-known subcase is that the number of even weight codewords in a [n, k] code is either 2 k−1 or 2 k . iA i = 2 3 n = 8n, so that
RESULTS
Thus, the number of even weight codewords is at most 8n/3 − 34. Since at least half the codewords have to be of even weight, we obtain n ≥ 15.75 = 16. In the remaining case n we use the linear programming method with the first four MacWilliams identities, B 1 = 0, and the fact that there are exactly 8 even weight codewords to conclude A 11 + i≥13 A i < 1, i.e., A 11 = 0 and A i = 0 for all i ≥ 13. With this and rounding to integers we obtain the bounds 5 ≤ B 2 ≤ 6, which then gives the unique solution A 7 = 7, A 9 = 0, A 10 = 6, and A 12 = 1. Computing the full dual weight distribution unveils B 15 = −2, which is negative. 32 . Let C be such a code and C be the code generated by the nine codewords of weight 32. We eventually add codewords from C to C till C has dimension exactly nine and denote the corresponding code by C . Now the existence of C contradicts Theorem 3.3.
So PROOF. We verify this statement computationally using Q-Extension. We remark that a direct proof is possible too. However, the one that we found is too involved to be presented here. Moreover, there are exactly 3 [≤ 32, 4, 15] 2 codes without a codeword of weight 16. Two cases where 8-divisibility can be concluded for optimal even codes are given below. The exhaustive enumeration of all [117, 9, {56, 64, 72}] 2 codes remains a computational challenge. We remark that it is not known whether a [117, 9, 56] 2 code exists.
